Virng vang nén tang, Khai sing twong lai

PHUONG PHAP TIM GTLN, GTNN TRONG HINH HQOC TQA PQ OXYZ
1. Ly thuyét chung
Dé tim cyec tri trong khong gian chung ta thuong sir dung hai cach lam:
Cach 1: Sir dung phuong phap hinh hoc
Céch 2: Sir dung phwong phap dai sb.

Bai toan 1: Trong khong gian Oxyz, cho cic diém A(X,; Y,; Z,), B(Xs; Vs: Z5) va mit phing
(P): ax+by+cz+d =0. Tim diém M e (P) sao cho

1. MA+MB nho nhat.

2. IMA—MB| 16n nhat véi d(A, (P)) =d(B, (P)).

Phwong phap:

e X¢ét vi tri trong dbi cua cac diém A, B so voi mit phing (P).

e Néu (ax, +by, +cz, +d)(ax +by, +cz, +d) >0 thi hai diém A, B cing phia v6i mat phang (P).
e Néu (ax, +by, +cz, +d)(ax +by, +cz, +d) <0 thi hai diém A, B nam khac phia véi mit phang
(P).

1. MA+MB nhé nhat.

e Truong hop 1: Hai diém A, B ¢ khéc phia so véi mit phang (P).

Vi A, B ¢ khac phia so v6i mat phang (P) nén MA+MB nho nhét bang AB khi va chi khi
M = (P)~ AB.

e Truong hop 2: Hai diém A, B ¢ cung phia so v6i mit phang (P).

Goi A' dbi xtmg véi A qua mit phang (P), khi dd6 A' va B & khac phia (P) va MA=MA’ nén
MA+MB = MA'+ MB > A'B.
Vay MA+MB nho nhit bang A'B khi M = AB(P).

2. [IMA—MB| 16n nhat.
e Truong hop 1: Hai diém A, B & cung phia so v6i mat phiang (P).

Vi AB & cing phia so v6i mit phang (P) nén IMA—MB| 16n nhit bang AB khi va chi khi
M =(P) AB.

e Truong hop 2: Hai diém A, B ¢ khéc phia so voi mit phang (P).
Goi A' dbi xtimg véi A qua mit phang (P), khidé A' va B & cing phia (P) va
MA=MA' nén [MA—MB|=|MA'~MB|< A'B.

Véay |[MA—MB| 16n nhit bang AB khi M = ABN(P).
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Bai toan 2: Lap phuong trinh mit phang (P) biét

1. (P) di qua duong thing A va khoang cach tir A¢ A dén (P) 16n nhat
2. (P) di qua A va tao voi mit phing (Q) mot goc nho nhét

3. (P) diqua A va tao voi duong thing d mot goc 16n nhét.

Phwong phap:

Céch 1: Dung phuong phap dai sb

1. Gia sir dudng thang A:

X=X — Y-V,
a b

Khi d6 phuong trinh (P) c6 dang: A(x—x)+B(y-Yy,)+C(z-2)=0

=25 va A o1 20)

bB +cC

Trong d6 Aa+Bb+Cc=0=> A=- (a=0) (1)

|A(X )+B(y0—y1)+C(zo—zl)|

JA? +B?+C?

Thay (1) vao (2) va dit t = g ,ta duoc d(A (P)) =/T®

(2)

Khi d6 d(A, (P)) =

mt’> +nt+p
m't>+n't+p'
dién cua A,B qua C rdi cho C gi4 tri bat ki ta tim dugc A, B.

Trong d6 f(t) = , khao sat ham f (t) ta tim duoc max f (t). Tir d6 suy ra dugc sy biéu

2.va 3. lam tuong tu

Cach 2: Dung hinh hoc

1. Goi K, H lan Iuot 13 hinh chiéu cua A 1én A va (P), khi d6 ta co:

d(A (P))=AH < AK, ma AK khong doi. Do d6 d(A, (P)) 16n nhat < H =K

Hay (P) 1a mit phang di qua K, nhan AK lam VTPT.

2.Néu A L (Q)=((P),(Q))=90" néntaxét A va (Q) khong vudng géc v6i nhau.

e Goi B 1a mot diém nao dé thudc A, dung duong thiang qua B va vudng goc véi (Q). Ly diém C cb

dinh trén dudng thang d6. Ha CH L (P), CK L d. Géc giira mit phang (P) va mit phang (Q) 14 BCH.
BH _ BK

Tacod sinBCH =—>—.
BC BC

Ma % khong déi, nén BCH nho nhét khi H = K.

Ma phfmg (P) can tim 14 mit phang chira A va vudng goc voi mit phiang (BCK). Suy ra
[ } 1a VTPT cia (P).
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3. Goi M 12 mét diém nao d6 thudc A, dung duong thing d' qua M va song song voi d . Liy diém A
cb dinh trén duong thiang d6. Ha AH L (P), AK L d. Géc giita mit phang (P) va duong thing d' 1a

AMH . Tacdé cos AMH =ﬂ>m

AM ~ AM
. KM R 2. A . £ .
Ma M khong doi, nén AMH 16n nhat khi H = K.
e Mit phiang (P) can tim la mit phang chira A va vudng goc voi mit phing (d',A). Suy ra

N, = [Q, [u., @ﬂ la VTPT cua (P).

Vi du: Trong khdng gian véi hé toa do Oxyz cho ba diem A(1;011),B(12;1),C(4;1;-2) va mit phang
(P):x+y+2z=0. Tim trén (P) diém M sao cho MA? + MB? + MC? dat gid tri nho nhat. Khi d6 M ¢6 toa

do
A M(LL-1) B. M (L11) C. M (L2;-1) D. M (10;-1)
Hwéng dan giai:
Goi G la trong tdm cua tam giac ABC, tac6é G(2;1,0), ta
co
MA? + MB? + MC? =3MG? + GA’ + GB* + GC? (1)
Tur hé thic (1) ta suy ra: )
MA? + MB? + MC? dat GTNN <> MG dat GTNN < M / V,U/H_' /
la hinh chiéu vuéng gdc cua G trén (P). P
Goi (d) la dudng thang qua G va vudng goc véi (P) thi (d) c6 phuong trinh tham s6 la
X=2+t
y=1+t
z=t
X=2+t t=-1
£ \ A . y=1+t x=1
Toa do M la nghiém cia h¢ phuong trinh |~ S 0 = M (3,0;-1)
X+y+z=0 z=-1
Chon D.
2. Bai tap

Caul: Trong khong gian véi hé toa do Oxyz, cho hai diém A(10;2); B(0;—12) va mat phang
(P):x+2y—2z+12=0. Tim toa d6 diém M thudc (P) sao cho MA+MB nh¢ nhat?

A M (229). B. M(_E;_E;Ej_
[ERIEEAET)
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Cau 2:
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Huwéng dan giai:

Chon D.

Thay toa d6 A(L0;2); B(0;-12) vao phwong trinh mt phang (P), ta dugc P(A)P(B)>0

= hai diém A, B cling phia véi déi véi mat phang (P).

Goi A’ la diém ddi xtng ciia A qua (P). Taco A
MA+MB=MA"+MB > A'B.
Nén min(MA-+MB)= A'B khi va chi khi M la giao I / /
diém cua A'B véi (P). 4 y Rt Y
X=1+t /
Phuong trinh AA':{y=2t (AA'diqua A(L0;2) va €
1=2-2t

c6 vécto chi phuong N, = (L,2;-1)).

Goi H la giao diém cua AA' trén (P), suy ratoado cua H 1a H(0;—2;4),suyra

x=t
A’(—l;—4;6), nén phuong trinh A'B:qy=-1+3t.
2=2-4
< . .2 , , o A . A 2 11 18
Vi M 1a giao diém cua A'B v&i (P) nén ta tinh dugc toa do M [—g;—g;gj.

Cho hai diém A(-13,-2);B(-9,4,9) va mat phang (P):2x—y+z+1=0. Biém M thudc (P).
Tinh GTNN cia AM +BM.

N J6 4208 J7274 +31434 J2004 + /726 5 3 V36

B. 5 C. 3
Huéng din giai:
Taco: (2.(-1)-3+(-2)+1)(2.(-9)-4+9+1)=72>0 => A B nam ciing phia so véi mit
phang (P).
Goi A’ 1a diém ddi xung cua A qua (P). Mat phing (P) c6 vtpt n(2,~11)

X=-1+2t
Puong thang AA’ di qua A(-1,3,~2) c6 vicp n(2,-1,1)c6 pt: {y =3t
z=-2+t
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Goi H la giao cua AA’ va (P) ta co:
2(-1+2t)—(3-t)+(-2+t)+1=0=>t=1=>H (1,2,-1). Ta c6 H la trung diém cua

AR => A'(3,1,0).
x=3-4t
Duong A’B di qua A’(3, 1,0) co vicp A'B(=12,3,9) c6 pt: {y =1+t
7=3t

Goi N 1a giao diém ciia A’B va mit phang (P)ta co:
2.(3-4t)—(1+t)+3t+1=0=>t=1=>N(-12,3).

Pé MA+MB nho nhatthi M =N khi d6 MA+MB=AB =
J(-12) +3 +9? =234 =326

Chon D.

Cau3: Trong khong gian voi hé toa d6 Oxyz, cho mit phang (P):Xx+y+z—-1=0 va hai diém
A(L-3,0), B(5-15-2). M la mot diém trén mat phang (P). Gia tri I6n nhét cua
T =|MA-MB| Ia:

A. T =2./5. B. T =2./6. C.T=22, D.T=22,

Huwéng din giai:

Ta c6: A, B nam khéc phia so vai (P). Goi B’ 1a diém dbi xing véi B qua (P). Suy ra
B(-L-34).

T =|MA-MB| =|MA-MB'|< AB'=2/5. Dang thirc xay ra khi M, A, B’ thing hang.
Chon A.

Cau4: Trong khong gian voi hé truc toa d6 Oxyz, cho mat phang (P) c6 phuong trinh
2X—y+2+1=0 va hai diem M (3;1,0),N(-9;4;9). Tim diém I (a;b;c) thugc mat phang (P)
sao cho |IM — IN| dat gia tri lon nhét. Biét a,b,c thoa man diéu kién:

A. a+b+c=21 B.a+b+c=14 C.a+b+c=5 D. a+b+c=19.

Huéng din giai:

Nhan thdy 2 diém M, N nam vé hai phia caa mat phang (P).

Goi R 1a diém dbi xing ciia M qua mit phang (P), khi d6 duong thing MR di qua diém M(3; 1;
y-1

LA , . . X—3 z .
0) va vudng goc véi mat phang (P) c6 phuong trinh: —— =—=—. Gol

2 -1 1
H=MRN(P)=H%2-1)=R(-13-2).
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Tacé |IM —IN|=|IR-IN|<RN . bang thtc xay ra khi I, N, R thing hang. Do d6 toa d diém

Xx=-1-8t
I 1a giao diém cua duong thang NR: {y =3+t  (tla tham s6) va mat phang (P).
z=-2+11t

Dé dang tim dugc 1(7; 2; 13).
Chon A.
Cau5:  Trong khong gian véi hé truc toa do Oxyz, cho hai diém A(1;2;2),B(5;4;4) va mat phang
(P):2x+y—z+6=0. Toa dd diém M nam trén (P) saocho MA’ + MB? nho nhat la:
A (-132) B. (2:1;-11) C. (~115) D. (L-17)
Huwéng din giai:
+ Kiém tra phuong an A khéng thuoc (P).
+ Tinh truc tiép MA? + MB? trong 3 phuong an B,C,D va so sanh.
Chon C.
Cau 6: Trong khdng gian toa dd Oxyz, cho mat phang (P):2x—y+z+1=0,A(8;,-7;4),B(-12;-2).
Tim toa d6 diém M thugc mat phang (P) sao cho MA?+2MB? nhé nhat.

A. M (0;0;-1). B. M(0;0;1). C. M(30;2). D. M(0;1,0)
Hwéng dan giai:

Goi | 1adiém thoamén 1A+21B=0= 1(2;~10)
N2 —  —\2
Co MA2+2MBZ=(MI+IA) +2(M|+|B) =3MI° + IA? +2IB?
Vi IA,IB khong d6i nén (MA®+2MB?) < MI,, =M lahinh chiéu vuong goc cia | Ién
mat phing (P).
buong thang d di qua | vavudng goc véi (P).

X=2+2t
=d:qy=-1-t;d n(P)=M(0;0;-1)
z=t

Chon A.

Cau7: Cho2 didm A(0.0.-3).B(2.0.-1) o mit phéng (P):3x-8y+72-1=0. 1, M <(P)

cho MA? +2MB? nhé nhit.
(283_—104_—214) B M (—283_104_—214)_

Sao

183’ 183 ' 183 183 '183" 183
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183 183 183 183 183 183

Huwéng dan giai:
. — 4 5
Goi | saocho IA+2IB=0=1| —;0;—
373
- — 2 -
MA? = MA =(M|+|A) =MI? + A2 + 2MI.IA
|v|52=W2=(W+E)Z=M|2+|BZ+2WE
MA® +2MB” = 3MI” + 1A + 21B° + 2MI (1A+ IB) = 3MI” + 1A° + 2187

Suy ra (MA®+2MB?)  khi MI bé nhithay M lahinh chiéu cia | trén (P).

Tim dugc toa do M (283 104 _214j .

183" 183 ' 183
Chon A.
r=2+t
caug: Trong khong gian véi h¢ toa do Ozyz , cho dudng thing A:{y = —1+2t(t e R)hai diém
z =3t

A(20;3)va B(2-2-3). Biét diém M (x;;y,;2, )thudc A thi MA' + MB' nho nhatTim z,
A z,=0 B.z =1 C.z =2 D.z =3
Huwéng din giai:

=2
Phuong trinh dudng thang AB 1a: {y = ¢, (t1 e ]R). D& thdy duong thang A va AB cét
z=3+3t

nhau tai diém 1(2;—1;0) suy ra AB va A ddng phang.
Lai ¢6 A(0;1;3),1B(0;~1;-3) => IA = ~IB = [A+ IB = AB.

2
Taco: pA* + MB' > l(MA2 +MB2)2 > 1( (MA+MB)2] >Lapi - 1(IA+IB)
2 8 8

4

1
2( 2
Do d6 MA" + MB" nhé nhat khi M tring véi diém 1(2;—1;0)
Chon C.
Cau9:  Trong khong gian vai hé truc toa d6 Oxyz, cho 3 diém A(12;3);B(0;1,1);C(10,-2).
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Céu 10:
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biém M &(P):x+y+z+2=0sao cho gia tri cia biéu thic T = MA” +2MB? +3MC? nho nhat.
Khi d6, diém M céch (Q):2x—y—2z+3=0 mot khoang bing

N3 B. 24. c. 25, p. 2
54 3 54

Huwéng dan giai:

Goi M(Xy;z). Tac T =6x*+6y” +62° —8x—8y+62+31

R GGl

=T =6MI2+% Voi I(g;g;—%j

=T nh¢ nhat khi MI' nhé nhat = M 1a hinh chiéu vudng goc cia | trén (P)

Trong khong gian vo&i hé truc toa d Oxyz, cho A(1;1;1)’ B(O;J;2)1 C(—2;0;1)

(P):x=y+2+1=0 1 4iam N <(P) g0 cho s = 2NA? + NB? + NC2 dat gi tri nho nhat.

A. N(—E;E;Ej. B. N(3,5;1). C. N(-2;0;1). D. N(%;—%;—ZJ.

Huéng din giai:
Chon A.

Goi | 1atrung diém BC va J la trung diém Al . Do do |[—1;%;§j va J (o;

)

Alw
Nlo

Khi do S=2NA2+2NI2+%BC2=4NJZ+IJ2+%BC2.

Do d6 S nho nhat khi NJ nhé nhét. Suy ra J Ia hinh chiéu cua N trén (P).

Phuong trinh dudng thang NJ :{y==—t.
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Toa do diém J 1a nghiém cua hé: y:é_t =Jy=
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HOC 247 -
Vitng vang nén téng, Khai séng tuong lai

Website HOC247 cung cip mét méi truong hec truc tuyén sinh dong, nhiéu tién ich thong minh, noi
dung bai giang duoc bién soan céng phu va giang day béi nhitng gi4o vién nhiéu nim kinh nghiém,
giéi vé kién thirc chuyén mon I1an ky niing sw pham dén tir cac truong Pai hoc va cac truong chuyén
danh tiéng.

I. Luyén Thi Online

Hoc moi lic, moi noi, moi thiét bi — Tiét kiém 90%

- Luyén thi DH, THPT QG: boi ngi GV Giéi, Kinh nghiém tir cac Truong DH va THPT danh tiéng
xay dung cac khoa luyén thi THPTQG cac mon: Toan, Ngir Van, Tieng Anh, Vat Ly, Hoa Hoc va
Sinh Hoc.

- Luyén thi vao lép 10 chuyén Toan: On thi HSG Iép 9 va luyén thi vao I6p 10 chuyén Toan cac
trwong PTNK, Chuyén HCM (LHP-TDN-NTH-GB), Chuyén Phan Bgi Chau Nghé An va céc trudng
Chuyén khac cung TS.Tran Nam Ding, TS. Pham Sy Nam, TS. Trinh Thanh Déo va Thay Nguyen
Duc Tan.

1. Khoéd Hoc Nang Cao va HSG

Hoc Todn Online cung Chuyén Gia

- Toan Nang Cao THCS: Cung cip chuong trinh Toan Nang Cao, Toan Chuyén danh cho cac em HS
THCS 16p 6, 7, 8, 9 yéu thich mon Toan phat trién tu duy, ning cao thanh tich hoc tap ¢ truong va dat
diém tot ¢ cac ky thi HSG.

- Bdi duéng HSG Toan: Bdi dudng 5 phan moén Pai S6, S6 Hoc, Giai Tich, Hinh Hoc va Té Hop
danh cho hoc sinh cac khéi 16p 10, 11, 12. Poi ngii Giang Vién giau kinh nghiém: TS. L& B4 Khanh
Trinh, TS. Tran Nam Diing, TS. Pham Sy Nam, TS. Luu Bd Thang, Thay Lé Phic L, Thay V& Qudc
B4 Cdn cung d6i HLV dat thanh tich cao HSG Quéc Gia.

I1l.  Kénh hoc tap mién phi

HOC247 NET céng déng hoc tép mién phi

HOC247 TV kénh Video bai giéng mién phi

- HOC?247 NET: Website hoc mi&n phi c4c bai hoc theo chwong trinh SGK tir l6p 1 dén lop 12 tat ca
cac mon hoc Vvéi noi dung bai giang chi ti€t, sua bai tap SGK, luyén tap trac nghiém mén phi, kho tu
liéu tham khao phong phu va cong dong hoéi dap so6i dong nhat.

- HOC247 TV: Kénh Youtube cung cip cic Video bai giang, chuyén d¢, on tap, sira bai tap, sira dé thi
mien phi tir [6p 1 dén lop 12 tat cd cac mon Toan- Ly - Hoa, Sinh- Su - Bia, Ng&r Vén, Tin Hoc va
Tieng Anh.
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http://hoc247.vn/
https://hoc247.vn/luyen-thi-thpt-quoc-gia-2018.html
http://chuyen10.hoc247.vn/
https://hoc247.vn/
https://hoc247.vn/
https://hoc247.vn/
https://hoc247.vn/
https://hoc247.net/
https://hoc247.net/
https://www.youtube.com/c/hoc247tvc

